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Abstract 

We investigate a six-dimensional universal extra-dimensional model in the extension of an 
effective neutrino mass operator. We derive the /3-functions and renormalization group equations 
for the Yukawa couplings, the Higgs self-coupling, and the effecive neutrino mass operator in 
this model. Especially, we focus on the renormalization group running of physical parameters 
Q-i such as the Higgs self-coupling and the leptonic mixing angles. The recent measurements of the 

Q-[ Higgs boson mass by the ATLAS and CMS collaborations at the LHC as well as the current 

r*j . three- flavor global fits of neutrino oscillation data have been taken into account. We set a bound 

on the six-dimensional model, using the vacuum stability criterion, that allows five Kaluza-Klein 
modes only, which leads to a strong limit on the cutoff scale. Furthermore, we find that the 
leptonic mixing angle 9\2 shows the most sizable running, and that the running of the angles #13 
and #23 are negligible. Finally, it turns out that the findings in this six-dimensional model are 
comparable with what is achieved in the corresponding five-dimensional model, but the cutoff 
scale is significantly smaller, which means that it could be detectable in a closer future. 
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I. INTRODUCTION 



The primary goal of the Large Hadron Collider (LHC) at CERN in Geneva, Switzerland 
is to confirm or reject the existence of a Higgs boson. Since both the ATLAS and CMS 
collaborations have discovered a Higgs boson-like particle with mass of around 126 GeV 
at a significance of 5<r earlier this year, the goal seems to have been reached [l|, 0]. Apart 
from searches for the Higgs boson, there is an ongoing hunt for signals of physics beyond 
the Standard Model (SM) at the LHC, and hopefully these experiments will shed some 
light on physics at the TeV scale. 

One popular way to extend the SM is by increasing the number of space-time dimen- 
sions and it turns out that it is only possible to increase the number of spatial dimensions. 
The idea of extra dimensions originates from Theodor Kaluza and Oskar Klein in the 1920s 
[il, 0]. However, these theories were forgotten for decades until the 1980s, when extra- 
dimensional models had a revival at the birth of string theory. At the beginning of the 
new millennium, several extra-dimensional models had been established, that eventually 
can be detected in future high-energy collider experiments. These models have some nice 
properties such as providing a good dark matter candidate as well as the answers to the 
hierarchy problem and the problem of proton stability (5-10 . 



In the present work, we study a model with Universal Extra Dimensions (UEDs), where 
the SM fields are allowed to propagate through the extra, spatial dimensions. This will 
give rise to an infinite tower of heavy Kaluza-Klein (KK) modes corresponding to each SM 
particle. The first UED model, which was introduced in 2000 by Appelquist, Dobrescu, 



and Cheng, has one extra dimension compactified on a circle In this paper, we will 



study a six-dimensional UED model 12 



The KK modes interact with the SM particles and, given that the KK modes are at the 
TeV scale, they will therefore affect the renormalization group (RG) running of physical 
parameters in the UED model. The logarithmic behavior of the RG running in the SM 
will change to a power-law behavior in the extra-dimensional model |l3|. RG running in 



extra-dimensional models have been extensively studied, see e.g. Refs. |l4l-ll6 



One of a few rare phenomena, that requires beyond SM physics and actually has been 
established, is that of neutrino oscillations, which indicate that neutrinos are massive 
and lepton flavors are mixed. In contrast to other leptonic masses in the SM, the neu- 
trino masses cannot be generated through the Higgs mechanism. It is thus impossible 
to describe the neutrino masses with the particle content of the SM, and some kind of 
new physics is required. In this work, we extend the six- dimensional UED model with a 
dimension-five Weinberg operator, which generates the neutrino masses 17 . 



The work is organized as follows. In Sec. HIl we discuss the six-dimensional UED 
model and present the renormalization group equation (RGE) for the effective neutrino 
mass operator. Then, in Sec. IHIl we discuss RG running in extra-dimensions in general. 



2 



Next, in Sec. HV] we use the vacuum stability criterion, and the recent Higgs mass results, 
of the Higgs self-coupling constant in order to put constraints on the six-dimensional 
UED model. Furthermore, in Sec. |V] we discuss the running of the leptonic mixing angles 
in the six-dimensional UED model. Finally, in Sec. I VI I we summarize and present our 
conclusions. In addition, in Appendix [AJ we also provide the /3-functions to one-loop 
order in the six-dimensional UED model. 



II. UNIVERSAL EXTRA DIMENSIONS 

The extra dimensions in the UED model are flat and compactified. All SM fields are 
allowed to propagate through these extra dimensions. From our four-dimensional point 
of view they are perceived as an infinite tower of heavy KK modes corresponding to each 
SM particle, which, in turn, is identified with the zero-mode component. We consider 
a six- dimensional minimal UED model, with two extra, spatial dimensions, compactified 
on a so-called chiral square of side length L, which has the adjacent sides identified. 
A compactification radius R = L/ir is defined, and in this work, we will use the value 
/Iq = i?" 1 = 1 TeV, which is within the bounds on the size of the extra dimensions. The 
chiral square is equivalent to the T 2 /Z 4 orbifold. We obtain a new conserved parity called 
KK parity. It is defined as (— for the KK level with the KK numbers j and k and 
SM particles have KK numbers j = and k = 0. 

Six-dimensional fermions have chiralities which are denoted ±. The compactification 
is chosen so that the six-dimensional fermionic fields with + chirality have left-handed 



zero-mode components [181 ]. Hence, corresponding to a six- dimensional fermionic field 
with + chirality, there is a tower of KK modes with chirality +L, which has a zero- 
mode component, and also a tower of chirality +R, without a zero-mode component. For 
the right-handed SM fermions, the expansions are given by interchanging L and R as 
well as + and — . Furthermore, corresponding to each six- dimensional gauge field is a 
four-dimensional gauge field with a zero-mode component and two towers of real scalars, 
called adjoint scalars. By a suitable choice of expansion, these scalars will not have zero- 
mode components, but they do appear at the excited KK levels. The new KK particles 
interact with the SM particles, and hence, we obtain additional vertices involving the new 
fermionic fields and the adjoint scalars. 

In order to obtain neutrino masses in this model, we introduce a dimension-five Wein- 
berg operator, where two Higgs doublets are combined as an isospin triplet & This is 
given by 

C K = -h^^L^ifer^) + h.c, (1) 
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where k is a symmetric and complex matrix of mass dimension —1 in flavor space, L 
denotes the lepton doublet fields, and <fi the Higgs doublet fields. This operator can 
be generated through seesaw mechanisms. After electroweak symmetry breaking, the 
neutrino mass matrix is given by 



m,. 



KV 2 , 



(2) 



where k = k/L 2 and v ~ 174 GeV is the Higgs vacuum expectation value. In UED 
models, the /3-function for the neutrino mass matrix can be written on the form 



16tt' 



dhi 
dln/i 



/3 K SM + sfc 



UED 



(3) 



where (3^ M is the SM contribution to the /^-function. This has been calculated elsewhere, 
see e.g. Refs. |19l-l2l|. and it is given by 



SM 



16tt s 



2Tk + Xk- ^k(YX ) - ^(YX ) t k - 3g 2 2 K 



with 



T = Tr (YX + 3YjY u + 3YjY d 



(4) 



(5) 



where the matrices Yf (/ = e, u, d) are the Yukawa couplings for the charged leptons, the 
up-type quarks, and the down-type quarks. Furthermore, the quantities (z = 1, 2, 3) are 
the gauge couplings and A is the Higgs self-coupling constant. The second contribution 
to the (3- function, /3^ ED , comes from the excited KK modes. This contribution has been 
calculated in the six-dimensional UED model with the following result 



UED 



167T 2 



4r« + A«--«(y e ty e )--(i?y a 



H 



3 o 5 o 



(6) 



There is a difference between Eqs. (j4j) and which is due to the new Feynman diagrams 
involving the new fermions and the adjoint scalars. The difference in the coefficients in 
front of the gauge couplings squared is due to the diagrams in Fig. [H whereas the factor 
of 2 in front of T is based on new Yukawa-type interactions involving the new fermions at 
excited KK levels. The /3-functions for the Yukawa matrices are listed in Appendix [A] 



III. RENORMALIZATION GROUP RUNNING IN EXTRA DIMENSIONS 

The physical parameters are measured in low-energy scale experiments. Therefore, 
we need to take into account the effects of RG running when studying the parameters 
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The new one-loop contributions to the corrections to the Higgs self-energy and the left-handed 
lepton doublet in the six-dimensional UED model. Here A = B, W l , i = 1, 2, 3. 
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The new one-loop contribution to the correction of the dimensions-five Weinberg operator. 

Here A = B,W\i= 1,2,3. 

FIG. 1: The new Feynman diagrams, at one-loop order, containing the adjoint scalars 
and the fermion modes present at KK level, which contributes to the RG running of the 

neutrino mass parameters. 



at high-energy scales 16|, |20N22|. All models with d > 4 dimensions are inherently non- 



renormalizable. However, the theory can preserve its renormalizability if an energy cutoff, 



A, is introduced 131. Below A, the model is renormalizable and there we can thus treat 



it as an effective four- dimensional model. The energy cutoff implies that only a finite 
number of KK modes, namely the ones with energies between -R -1 , where the first mode 



5 



is excited, and A, contributes to the renormalization group (RG) running. Above A, an 
unknown, renormalizable ultraviolet completion is assumed to step in. Hence, the extra 
dimensions will affect the RG running of the physical parameters in the model. Instead 
of the logarithmic running that we have in the SM, the extra dimensions give rise to a 



power-law behavior of the RG running [13j. Thus, it ought to be possible to distinguish 
the RG running in the UED model from that in the SM in the near future. 

The contributions from the SM particles and the KK modes to the /3-functions are 
different and independent. Therefore, they can be described in two separate terms and 
the RGEs for a quantity Q is given by 



1671 dln/i = Q Q ' ^ 



where j3 SM is the SM /3-function and /3 UED is the contribution from the KK modes at each 
KK level. We have assumed that the particle contents at each KK level are identical, 
except for the particle masses, and that their contributions to the /3-function are the 
same. The parameter s counts the number of KK levels contributing to the total /3- 
function, i.e. the number of KK levels that fulfills ^/ j 2 + k 2 < where /i is a given 
energy and /io = -R -1 is the energy fo which the first KK mode is excited. The running 
is logarithmic below /i , since only the SM particles contribute to the /?- function. As the 
energy increases from fj, to A, the energy threshold for successive modes are crossed, and 
thus, an increasing number of KK modes comes into play. For energies fulfilling \x 3> /j,o, 
the contributions from the KK modes will dominate and the RG running will have a 
power-law dependence. 



IV. RUNNING OF THE HIGGS SELF-COUPLING 

First, we investigate the bounds on the Higgs self-coupling from the vacuum stability 
criterion. Bounds on the five- and six-dimensional UED models from LHC data have 



previously been studied in Refs. [15|, |23|, |24j . We have calculated the RGEs for the Higgs 
self-coupling, A, in the six-dimensional UED model and they are presented in Eqs. (lAljl - 
( 1A4jl . The RG running of A can be used to put constraints on this model. Depending on 
the initial conditions, there are two possible scenarios, which limit the stability region of A. 
Either it approaches the triviality limit, where it diverges, or the vacuum stability limit, 
where the value of A becomes negative and the Higgs potential becomes unstable. For the 
Higgs mass, we use the mass recently determined by the ATLAS and CMS collaborations, 
mn = 126 GeV [HQ]. This mass is in the low- mass region, and therefore only the triviality 
limit is an issue. 

We have solved the full set of RGEs numerically, and in Fig. [2} we present the bounds 
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FIG. 2: The upper bounds on AR as a function of R^ 1 for a Higgs mass of 
ran = 126 GeV from the vacuum stability criterion for the Higgs self-coupling constant. 
The band is due to the uncertainty in the top quark mass, which is in the range 
170.9 GeV — 173.3 GeV, and the strongest bound is due to the largest mass. 



on AR as a function of from the vacuum stability criterion of the Higgs self-coupling 
constant. The product AR counts the number of KK modes below the cutoff scale, i.e. the 
number contributing to the RGEs. The mass of the top quark, m t , is only known with 
a precision of a few GeV and it affects the bounds on the model. Here we have used 
170.9 GeV — 173.3 GeV [25]. The weakest limit on the number of KK modes contributing 
is given at 1 TeV and even there only five modes are in the energy range and thus can 
contribute, i.e. the modes with KK numbers (J, k) = (1,0), (1, 1), (2, 0), (1, 2), (2, 1), which 
is a severe constraint on the validity of the extra-dimensional model. This result is in line 
with the five-dimensional case, which has been investigated in Ref. (l5j |. where only five 
KK modes were allowed from the vacuum stability criterion. Note that our results are 
based on the /3-functions calculated to one-loop order. Hence, there may be small changes 
due to higher-order corrections. 
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V. RUNNING OF THE LEPTONIC MIXING ANGLES 



We will proceed our discussion to the RG running of the neutrino parameters, and 
more specifically to the running of the leptonic mixing angles. In order to determine 
the RG running of the mixing angles, we use the standard parametrization, where the 
mixing matrix, U, is parametrized in terms of three mixing angles, #12, #13, and #23 an d 
three CP-violating phases, 5, p, and a. The value of #13 is non-zero in contrast to what 
has been previously expected. In fact, it has a comparatively large value sin 2 (# 13 ) = 



0.023 ± 0.0023 at la confidence level 26[. A non-zero value of #13 strongly disfavors the 



bimaximal and tri-bimaximal mixing patterns. Several global fits have been performed to 
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the experimental results from neutrino oscilliation experiments [27], |28] . We have taken the 
values of the neutrino mixing parameters at Mz, being the Z boson mass, from Ref. 26 . 
It should however be pointed out that our results are rather independent of the global fit 
used. 

The standard parametrization of the mixing matrix is given by 

(C12C13 S12C13 s^e lS 

~ S12C23 — c 12S23 s 13 el5 c 12 c 23 — Si2S23 s 13 el<5 S 23 c 13 
S12S23 — Ci2C23Si3e l5 — C12S23 — Si2C23Si3e l5 C23C13 

where Sjj = sin(0y) and = cos(0y), ij = 12, 13, 23. In the present work, we will assume 
5 = p = a = 0. 

The neutrino mass matrix can then be diagonalized by 

U^mJJ* = diag(mi, m 2 , m 3 ), (9) 

where rrii, (i = 1,2,3), are the neutrino masses. There are two possible orderings of 
the neutrino masses, which are in agreement with experimental data. Normal hierarchy, 
where mi < m 2 < m 3 , or inverted hierarchy, where m 3 < m\ < m 2 . The neutrino mass 
scale is yet unknown, but there are upper bounds on the neutrino masses coming from 



tritium beta decay experiments, i.e. m u < 2 eV [29[. These bounds will most probably 
be improved by one order of magnitude by the KATRIN experiment 30, |3l|. Apart from 
direct bounds, there are also indirect constraints from cosmological data, such as the 
CMB data of the WMAP experiment, which are more severe and put an upper limit on 



the sum of the neutrino masses [32j. In the present work, we will assume m„ fa 0.5 eV. 

In the numerical analysis, the full set of RGEs have been used, these are given in 
Appendix |A] In Fig. El we display the running of the neutrino mixing angles as functions 
of the energy in the cases of normal and inverted hierarchy. The mixing angle 6u has 
the most significant RG dependence, in both normal and inverted hierarchies, and in 
accordance with other extra-dimensional models, the RG running exhibits a power-law 



S 



behavior. Neither # 13 nor 623 exhibits any significant RG running in either case. It 
should, however, be noted that the direction of the small running depends on the mass 
hierarchy for both 6* 13 and #23- The value increases (decreases) in case of normal (inverted) 
hierarchy. In both hierarchies, it is possible that #12 = Q23 close to the cutoff scale if #12 
is large and 623 is small at Mz, which would imply a bimaximal mixing pattern, however 
with a non-zero 613. The RG running of the mixing angles in the five-dimensional UED 
model was discussed in Ref. 16j. The RG running is similar in both cases. The only 
mixing angle that exhibits any significant RG running is #12, and furthermore, 613 and 
6* 23 run in the same direction for the respective hierarchies. It turns out that the main 
difference between the two models is the cutoff scale, which in the five- dimensional model 
is taken to be A = 50 TeV, which is significantly larger than in the six- dimensional case, 
where A = 6.5 TeV. Hence, the six- dimensional model ought to be detectable in a closer 
future. Furthermore, the low value of A means that the energy required for unification of 
the gauge parameters cannot be attained. 
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FIG. 3: The RG evolution of the three leptonic mixing angles as functions of the energy 
scale. The runnings are from Mz to the cut-off scale, A, for the case of normal hierarchy 

(left plot) and inverted hierarchy (right plot). The different bands correspond to the 
respective la confidence intervals. The bands corresponding to the 2a and 3a confidence 
intervals are significantly wider, which we have checked numerically but not presented 
here. The lightest neutrino mass is assumed to be 0.5 eV. 



VI. SUMMARY AND CONCLUSIONS 

In this work, we have studied the RG running of physical parameters in a six- 
dimensional UED model, extended by a dimension-five effective neutrino mass operator. 
We have specifically derived the RGEs for the Yukawa couplings, the effective neutrino 
mass operator, and the Higgs self-coupling in this model. 
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Furthermore, we have studied the RG evolution of the leptonic mixing angles numeri- 
cally, and found that the angle 812 shows the most sizable running and is always increasing, 
independent of the mass ordering. The RG corrections to the mixing angles #13 and #23 
are negligible. It can, however, be noted that the direction of the running is in their case 
dependent on the mass hierarchy. The values of both mixing angles are increasing, albeit 
only a little, for normal ordering, and decreasing for inverted ordering. 

Finally, we have used the new value of the Higgs mass determined at the LHC and the 
vacuum stability criterion to set a bound on the extra-dimensional model. It turns out 
that only five KK modes are allowed to contribute, which severly limits the validity of the 
UED model and puts a severe limitation on the value of the cut-off as well. In particular, 
it means that the energy required for unification of the gauge couplings is not reached 
within this model. 
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Appendix A: Full Set of RGEs to One-loop Order in the Six-dimensional UED 
model 

The running of the Higgs self-coupling is given by 




(Al) 



The SM contribution to the /3-function is given in Ref. [33| 




(A2) 



where 




(A3) 
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The UED contribution to the /3-function is determined to be 

P 



i UED 



7^{l2A 2 + ^(gf + 1g\gl + 3g A 2 ) - 3X(g 2 + 3g 2 2 ) 



+ 8AT - 8Tr 



(YX) 2 + 3(Y:Y u f + 3(Y}Y d ) 2 ]}. 



(A4) 



The running of the Yukawa couplings are given by 



(3 Yt = (3y^ + s(3- 



?UED 



(A5) 



where i = e,u, d. The SM contributions to the /3-functions for the Yukawa couplings can 
be found in, e.g., Ref. 34j and they are given by 



P 



SM 



16n 



2 Y e 



T + -YW - 



15 



-9i 



9 



(A6) 



P 



SM 



P 



SM 
Y d 



Y 

16tt 2 u 

A_ Y 

167T 2 d 



T + ^YJY, - -Y]Y d - 



T 



I d 1 & 



y\y 

u u 



17 
12 

17 
12 



9x 



9l 



9l 



9l~ 



(A7) 
(A8) 



The UED contributions to the /3-functions are given by 



P 



UED 

Ye. 



16lY 



Y. 



2 e 



2T + -Y f Y 



£ 2 _ £ 2 

2 #i 2^2 



(A9) 



UED 

Y u 



16tt 2 



:Y. 



Q 9 

9T _i_ _yty yly 

Z1 + 2 " u 2 



1 2 ^2 

2^i ~ 2^ 



(A10) 



/3 



UED 

Y d 



167T 



2 J <2 



2T + - Y d tY d 



-Y f Y - -a 2 - -a 2 
2 I u I u 2 



(All) 



The SM contribution to the /3-function for the effective neutrino mass operator is given 
by 



PI 



SM 



16tt 2 



2Tk + Xk- ?*(l?Y e ) - *-{Y}Y e ) t k - 3g\K 



(A12) 
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The contribution from the extra dimensions is given by 



UED 



167T 2 



ATK + Xn--K{Y}Y e )--(YX 



3 2 5 2 



(A13) 



Finally, we state the RGEs for the gauge couplings which have been calculated elsewhere, 
e.g. Ref. 24(, but are presented here for the sake of completeness 



16tH 



dln/i 



(6* + sb k )gi, 



(A14) 



where b x = 41/6, b 2 = -19/6, b 3 = -7 and b x = 27/2, b 2 = 3/2, b = -2. 
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